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1. Introduction

Education has a very important place in today's society. Education is an effective tool for the
development and progress of nations and for educating people in the best way possible. A
nation's future cannot be shaped without education. Within the education system, mathematics
education has an extremely important place in raising people who will work in industry,
technology and other areas of daily life, and even academicians who will work in the field of
mathematics. The need for mathematics in the field of education in a country and the
universality of the language of mathematics are inevitable factors in the progress towards
becoming an information society (Yildiz & Uyanik, 2004). Therefore, the importance of
mathematics has been taken into account in every period.

Mathematics is one of the oldest sciences in human history. As a science that examines the
properties of shapes, numbers, multiplicities and the relations between them, it is divided into
many branches of science such as arithmetic, algebra, analysis and geometry. Algebra, as one
of these branches of science, which we encounter in all areas of our lives, is a loyal guardian of
mathematics (Schoenfeld, 2002). According to some experts, algebra is solving equations,
while for others it is calculating. Algebra is a subject that uses a large number of symbols in it
(Darojaturrofiah, 2017). Also, algebra provides ideas and symbols to express information about
quantitative variables and relationships. In most countries, students use different arithmetic
operators such as numbers, arithmetic operations, equal signs, arithmetic expressions and
equations before starting to learn basic algebra (Zeller & Barzel, 2010). Because algebra uses
symbols to generalize arithmetic (Samo, 2008). Students who begin to learn algebra enter the
world of symbols rather than working with numbers. One of the most important steps in learning
algebra is to understand the transition of the role of letters in mathematical expressions from
unknowns to variables (Ely & Adams, 2012). In other words, it is a transition from concrete
numbers to abstract variables. Thus, algebra is of great importance in teaching mathematics.
Algebra emerges with many functions in every aspect of our lives. The importance of algebra
in our lives is an undeniable fact. Williams (1997) stated that students who do not see learning
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algebra as a requirement will not be able to understand advanced mathematics courses and that
the doors of universities and career jobs will be closed to these students. Also, algebra is at the
centre of mathematics learning and affects many areas of mathematics (Irwin & Britt, 2007,
Kieran & Drijvers, 2006; Lacampagne, 1995). This importance of algebra in mathematics
learning makes learning algebraic thinking a necessity (Usta & Ozdemir, 2018). According to
Van de Walle, Karp, and Bay-Williams (2014), algebraic thinking is one of the essential
elements that dominate all mathematics and make mathematics useful in daily life. Algebraic
thinking skills must be developed to be successful in mathematics (Bozkurt, Cirak-Kurt, &
Tezcan, 2020). Although algebraic thinking is related to algebra, it has broader meanings than
the concept of algebra (Celik, 2007). Therefore, in this chapter, algebra, algebraic thinking,
development levels of algebraic thinking, algebraic thinking styles, development of algebraic
thinking and the importance of algebraic thinking will be emphasized.

2. Algebra

Algebra is one of the important learning areas of mathematics (Altun, 2014). Algebra is a branch
of mathematics that examines the relationship using numbers and symbols or transforms these
relationships into generalized equations (Akkaya, 2006). The foundations of algebra are based
on Al-Khwarizmi's work "El'Kitab'iil-Muhtasar fi Hisab'il Cebri ve'l-Mukabele™ (Summary
Book on Algebra and Equation Calculation). Kieran (1992) stated that algebra is a tool that not
only represents numbers and numerical data with letters, but also shows number relations and
properties, and can also calculate with these symbols (Cited by Akkan et al., 2011).
Lacampagne et al. (1995) claimed that only the complete learning of algebraic concepts can
open the doors of advanced mathematics and defined algebra as the language of mathematics.
Taylor Cox (2003) defined algebra as a more generalized version of arithmetic that contains
variables and unknowns to solve the problem. Also, she stated that it enables to make
calculations using these symbols. Algebra is based on finding the unknown values with the
equations formed by symbolizing them with signs and letters or determining the relations
between the unknowns (Argiin, Arikan, Bulut, & Halicioglu, 2014). Dede and Argiin (2003)
stated that algebra takes on many different functions such as a language, a problem-solving
tool, a tool for thought, and a school lesson. They stated that algebra is in every area of life in
this respect and it is a necessity for people to learn it. Similarly, Williams and Molina (1997)
state that the fact that algebra makes itself felt in all areas of life makes learning it compulsory.
Although it is stated as a necessity to learn algebra, it is a lesson that students have difficulty in
understanding (Carraher, Schliemann, Brizuela, & Earnest, 2006; Dede & Argiin, 2003; Geller
& Chart, 2011; Kaput, 1999; Kieran, 1992). This difficulty causes a decrease in students'
success in mathematics (Ersoy & Erbas, 2005). The structure of algebra, students' mental
development, readiness levels and deficiencies in teaching algebra can be regarded as obstacles
to students' understanding of algebra (Dede & Argiin, 2003). Also, algebra is considered more
abstract than arithmetic, since it is required to consider all numbers and number sets in algebra
(Palabiyik, 2010). Kieran (1992) stated that the main difficulties in learning algebra are the
perception of letters and changes in arithmetic and algebraic algorithm, and emphasized that it
IS necessary to understand what symbols and basic concepts mean to be successful in the field
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of algebra learning. Giirbliz and Akkan (2008) stated that students had difficulties in
transitioning from arithmetic to algebra. They said that the reason for this difficulty was the
inadequacy of the student's knowledge of arithmetic operations, the inadequacy of symbolizing
and modelling problems, and the inability to use the concept of variables in different situations.
Also, they stated that the use of standardized problem types and standardized solution strategies
in the learning environment led students to memorization and made the transition from
arithmetic to algebra difficult. Akkaya (2006) determined the misconceptions of students about
algebra in his study. These are:

° In mathematics, letters have no meaning. For students, letters are used in place
of the unknown and have no function.

° Letters are not like numbers. For students, b=d can never be valid because each
letter represents a number.

° For students, letters have a digit value and are only seen as numbers.

) Letters are used to abbreviate objects. For example, it is thought that the
expression 2e represents 2 eggs.

° Letters are valued according to their position in the alphabet. For example, since
the letter d IS

fifth in the alphabet, its value is thought to be 5.

) The letters are sorted in alphabetical order. For example, if a=3 ¢=5, students
think that b will be 4.

° The “=" sign always gives a result.

° The “+” and ““-” signs always give a result.

Welder (2007) defined nine skills as prerequisites for understanding the concept of algebra.
These are numerical operations, ratio and proportion, priority in operation, equality, patterns,
algebraic symbols, algebraic equations, functions and graphics.

NCTM (2000) emphasized that every student should learn algebra starting from preschool
education to the end of high school education. In the book published in the same year, the
algebra standards that should be acquired by the students are stated as follows:

° Understanding patterns, relations and functions,

° Being able to analyze and examine mathematical structures using algebraic
symbols,

) Understanding numerical relationships using mathematical models,

° Being able to analyze changes from various aspects.
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3. Algebraic Thinking

Algebraic thinking, in its most general definition, is the use of variables according to
quantitative situations and the capacity to make the relationship between these variables explicit
(Driscoll, 1999). In the literature review, it is possible to see different definitions for algebraic
thinking. Kieran and Chalouh (1993) put mathematical reasoning at the centre of algebraic
thinking. According to them, the basis of algebraic thinking is to understand and use the
meaning of mathematical symbols.

Hawker and Cowley (1997) defined this way of thinking as "involves an estimation that requires
representation, structuring and generalized thinking of pattern and orders".

In Herbert and Brown's (1997) definition, algebraic thinking is the ability to analyze different
situations using mathematical symbols and tools, to express and interpret mathematical
information with figures, graphs, tables and equations. Also, algebraic thinking includes
proportional reasoning, important ideas, representations, meaning of variables, inductive and
deductive reasoning, patterns and functions (Greenes & Findell, 1998). In other words, it is a
very comprehensive way of thinking.

Algebraic thinking is the engagement of students with regular roles generalized with
mathematical relations and operations, and the establishment of assumptions, arguments and
statements in increasingly formal ways through these generalizations (Kaput, 1999; Kaput &
Blanton, 1999). In this respect, algebraic thinking skill is one of the high-level mathematical
thinking skills.

NCTM (2000) described algebraic thinking as "requires understanding the functions,
representing and analyzing mathematical situations and structures in different ways through
algebraic symbols, representing and understanding quantitative relationships with mathematical
models and analyzing the change in different situations encountered in daily life”.

According to Lawrence and Hennessy (2002), algebraic thinking enables us to better interpret
the world by translating situations into the mathematical language to explain and predict events
in daily life. Also, algebraic thinking develops the ability to think abstractly.

Giilpek (2006) stated that the basic skills of algebraic thinking are generalization, formulation
and symbolization. On the other hand, Bagdat (2013) stated that algebraic thinking consists of
three basic skills; formulating generalizations, using multiple representations and using
algebraic relations and symbols.

Kriegler (2007) stated that algebraic thinking consists of two main components as mathematical
thinking tools and informal algebraic relations. Mathematical thinking tools are problem-
solving skills (using problem-solving strategies and multiple approaches), representational
skills (showing relationships symbolically, visually, numerically, verbally, and transforming
different representations) and reasoning (inductive and deductive reasoning) skills. Informal
algebraic relations are algebra as abstract arithmetic, algebra as the language of mathematics,
and algebra as a tool for working with mathematical modelling and functions.
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Celik (2007) stated that algebraic thinking is not limited to the field of algebra, but is a special
form of mathematical thinking. She stated that this thinking consists of three basic skills; using
algebraic relations and symbols, using multiple representations (symbolic, graphic, table, etc.)
and formulating generalizations. She also emphasized that for people to think algebraically,
they should use the meanings of algebraic relations by creating them in their minds and make
generalizations by establishing their relationship with real-life situations.

According to Kaya and Kesan (2014), algebraic thinking means establishing relationships
between algebraic situations by assigning meanings to symbols as a reflection of mental
activities, revealing thoughts through multiple representations and different presentations,
describing concrete, semi-concrete and abstract concepts in algebraic relations and reaching
conclusions through reasoning.

Algebraic thinking is at every grade level and consists of the following basic topics (Van de
Walle, Karp, & Bay-Williams, 2014):

1) The use of patterns that lead to generalizations,
2) Studying the change,
3) Function concept.

The basic idea behind all these topics is that students have a deep understanding of the number
system, operations and properties related to operations in achieving success in algebra (Seeley
& Schielack, 2008, cited by Van de Walle, 2004). In light of all these explanations, algebraic
thinking is among the basic mathematical skills. Some of the senses that affect algebraic
thinking are operation sense, structure sense, number sense and symbol sense (Somasundram,
2018). Acar (2019) determined that there is a strong and significant positive correlation between
secondary school students' number sense and algebraic thinking levels. NCTM (2000) stated
that algebraic thinking skills should be acquired at an early age and that appropriate tools,
materials and methods must be used for this. Therefore, the development of students' algebraic
thinking skills should be one of the most important goals of mathematics teaching programs.

4. Developmental Levels of Algebraic Thinking

According to the results of the study conducted by Concepts in Secondary Mathematics and
Science (CSMS) to determine the level of understanding of algebraic expressions of students
aged 13 and 15 in England, students' understanding of algebraic expressions can be examined
at four sequential levels (Hart et al., 1998).

Level 1: This level is where questions such as finding the value of a letter as a result of
arithmetic operations, concluding a problem by taking letters as objects, or, even though letters
are included, concluding an operation without assigning values to these letters, can be solved.

Level 2: This level is the same as the first level in terms of abstraction, but the difference
is that the questions are more complex. Students at this level can solve more complex questions.

195



CURRENESTUBIES |IN SUCIAL SEIENCES 2027

Level 3: This is the level where letters are perceived and used as unknowns. Since the
letters represent an unknown at this level, the student who understands them as an object name
cannot reach the correct result.

Level 4: At this level, students can attach meanings to similar but more complex
expressions and conclude operations.

For a better understanding of these levels, sample questions about them are given in Table 1.

Table 1. Examples of Questions on Algebraic Thinking Levels (Altun, 2005)

Levels Sample Questions

Level 1 3a+2a="?

Level 2 C=? ifa=3b + 2, b =1thena="?
Level 3 if e+f=10thend+e+f="? c+d=16,if c<dthenc="?
Level 4 Which is it greater; Is a+b+c=a+b+d always true? Why?

2n or n+2? Explain.

It is clear that the correct understanding of the symbols used in algebra and the relations between
the concepts by the students will contribute to their algebraic thinking. It can be said that it is
important to determine the algebraic thinking levels of the students in this respect. Because
algebraic thinking contributes to the development of mathematical thinking (Usta & Ozdemir,
2018). Therefore, it would be appropriate for mathematics teachers to know the algebraic
development levels of students and to provide education accordingly.

5. Algebraic Thinking Ways

Algebraic thinking starts with recognizing numbers and patterns in preschool (NCTM, 2006)
and continues with issues related to generalizing and understanding patterns, examining their
change, and the concept of function (Van de Walle, Karp & Mr-Williams, 2014). Therefore,
algebraic thinking has many properties. Kaput's (1999) five interconnected ways of thinking
include:

a) Generalizing arithmetic to algebra: Making generalizations from numbers and arithmetic
starts from preschool and continues as long as students continue to learn numbers and
operations. While arithmetic is concerned with the numerical value of doing calculations,
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algebra is concerned with correctly applying mathematical laws and operations to find all
solutions. Algebra generalizes arithmetic to find all solutions of equations. Making
generalizations about the properties of operations includes noticing patterns that are
fundamental to arithmetic and algebra (Russell, Schifter, & Bastable, 2011). In short, by
generalizing arithmetic to algebra, it is meant to move the numbers to a higher point.

b) Meaningful use of symbols: Algebra has its own grammar and syntax that can formulate
algebraic ideas clearly and effectively (Drijvers et al., 2011). It means that algebra has a
language of its own. While students understand this algebraic language, they have difficulties
in two subjects that can be considered the basis of algebra. These are the equal sign and the
variable concept. Although the equal sign is one of the important symbols in arithmetic, algebra,
and all mathematics in general, it is a difficult concept. This is because the equal sign is used to
indicate the calculation operation in arithmetic, while in algebra, the equal sign represents the
equivalence between two expressions (Carpenter et al., 2003; Molina et al., 2005). Difficulties
can be eliminated by reinforcing that the equal sign means sameness in algebra. On the other
hand, Mann (2004) suggested teaching the equal sign as a balance between the two sides of the
equation. It can be said that teachers can benefit from the scale model while doing this.

Variables can be used as unknown values or varying quantities. Students cannot make sense of
how to solve any algebraic equation without knowing the meaning of the variables (Van de
Walle et al., 2014). In learning variables as unknown values, students should be familiar with
forming mathematical sentences when equations have missing values and a symbol such as an
empty square or star represents an unknown value. Also, they need to associate the missing
values with the word "variable™ (Van de Walle et al., 2014). Students can start learning about
variables by using various symbols, letters and symbols to represent unknown quantities
(Ozden, 2019). In learning variables as changing quantities, the fact that the variables can
represent more than one missing value is not understood enough by the students. When there
are different variables in a single equation, each variable can represent more than one or even
an infinite number (Ozden, 2019). It is important to make students aware of this situation.

c) Studying the structures in the number system: Algebraic structure studies are an extension of
the analysis of the structure of the number system (Greeno, 1991). Learning the number system
requires knowing the properties of real numbers, and this structure can be extended to variables,
hence algebra. Moreover, an important way to encourage algebraic thinking is to try to justify
assumptions derived from the real number system (Van de Walle et al., 2014). Justifying
assumptions at a basic level often requires using examples and adapting them to mathematical
thinking to prove that the assumption is true in each example. For example, in an equation using
the commutative property (a+b=b+a), it is the main purpose of examining a structure to state
that this is true for all numbers (Ozden, 2019). The properties of number systems can be created
while students work with true/false and open number sentences. However, here, questions such
as "Is this true for all numbers?" or "Do you think this is always true? How can we understand?"
should be asked to guide students. Students will have to provide reasons to explain their
thoughts in this case (Ozden, 2019). Therefore, this will lead them to think and interpret more.
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d) Examining patterns and functions: Patterns are found in every field of mathematics. Learning
how to find patterns, and transfer and extend them to another situation is an important part of
algebraic thinking (Van de Walle et al., 2014). Herbert and Brown (1997) stated that the pattern
generalization activities carried out by students at an early age are important in forming the
basis of algebra and in the development of algebraic thinking. Similarly, Tamsl and Ozdas
(2009) stated that patterns are the building blocks in formulating generalizations, and
generalizations are building blocks in algebraic thinking. The relationship learned with the
pattern continues with the concept of function with the development of abstract thinking skills
in students (Tamigli & Kabael, 2010). The algebra of functions is mainly concerned with
dependent relationships between variables (Drijvers et al., 2011). According to Van de Walle
et al. (2014), knowing the function machine, input-output table, concrete, graphical, verbal and
symbolic representations and making the transition between these representations easily will
enable the development of functional thinking.

e) Mathematical modelling process: Mathematical modelling is defined as the process of
starting with real facts and expressing them mathematically (Kaput, 1999). In the context of
algebraic thinking, secondary school students should know how to use algebraic models to
understand numerical relationships. Converting verbal problems to algebra often involves
setting up equations and inequalities and finding the value of one or more variables. So learning
how to solve equations and inequalities becomes an essential component of algebra.
Mathematical modelling is learned by generalizing arithmetic according to algebra, using
symbols in a meaningful way, examining the structure and examining patterns and functions
(Ozden, 2019). Therefore, it is an issue that needs attention.

6. The Development of Algebraic Thinking

Algebraic thinking is a way of thinking that includes the basic skills necessary for mathematics.
This way of thinking includes skills such as understanding variables, reasoning, using
representations and explaining the meaning of symbolic representations, working with models,
and transforming between representations (Kaf, 2007). Algebraic thinking, which is so
important for mathematics, can be developed from an early age. Mathematics educators also
emphasize that algebraic thinking should be started in early grades and at an early age (Kieran,
1992). Kieran (2004) listed the things to be considered in the development process of algebraic
thinking as follows:

e Students should focus on relationships, not just finding an answer with numerical
calculations.

e They should focus not only on the operations themselves and their results but on the
reverse of the operations.

e They should focus on both the representation and solution of the problem, not just the
solution.

e They should focus not only on numbers but also on what is written.
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® They should focus enough on the meaning of the equation sign.

Since students cannot associate their arithmetic knowledge with new knowledge in algebra
learning, meaningful learning cannot happen (Cagdaser, 2008; Giilpek, 2006). Therefore, it was
emphasized that arithmetic and algebra should be associated with each other to develop
students' algebraic thinking at an early age (Girit & Akyiiz, 2016). Lannin, Barker, and
Townsend (2006) stated that it is important for students to comprehend the meanings of
algebraic symbols and practices in order to enable them to move on to algebraic thinking.
Expressing changes and generalizations with graphics, symbols, tables, diagrams or verbally is
also seen as important for the development of algebraic thinking (Cafiadas, Castro & Castro,
2011). Kieran (1992) emphasized that in order to be successful in learning algebra, it is
necessary to understand what symbols and basic concepts mean. Radford (2012) supported the
idea of developing algebraic thinking in students at an early age. He mentioned the importance
of understanding patterns in early algebraic thinking and emphasized that for the development
of algebraic thinking in younger students, key points in algebraic thinking such as equality,
problem-solving and generalizing patterns should be understood.

Twohill (2013) stated that the development of algebraic thinking consists of five stages. These
stages are pre-formal pattern, informal pattern, formal pattern, generalization and abstract
generalization. In the pre-formal pattern stage, students do not identify and cannot recognise
patterns. Students who complete this stage are expected to notice the expanding or repeating
patterns and express the similarities of the repeating patterns in order to pass to the informal
pattern stage. In the next stage, the formal pattern stage, students can explain the pattern
verbally and reason about related terms. In the generalization stage, the student can express the
rule of the pattern after finding the near term and the far term. In the next stage, abstract
generalization, the student can now think algebraically.

7. The Importance of Algebraic Thinking

Algebra allows students to think abstractly and make logical inferences (Stacey & MacGregor,
1997). Lacampagne (1995) said that “Algebra is the language of mathematics. It opens doors
for advanced mathematical subjects if fully learned. If not learned, it closes the doors of the
university and technology-based careers...” (cited by Dede & Argiin, 2003). Algebra
constitutes a small culture that encompasses a large culture of mathematics.

Although algebraic thinking is related to algebra, it cannot be limited to the subjects of algebra.
Algebraic thinking, which helps individuals to solve the problems they face in daily life (Akkan,
2016), is a much wider and more comprehensive field and way of thinking. Algebraic thinking,
which is a special form of mathematical thinking, is an initial step in the development of abstract
thinking. Besides, algebraic thinking is associated with all areas of mathematics. This way of
thinking has a wide and important place in the subject areas of mathematics, which consists of
learning areas such as numbers and operations, algebra, geometry and measurement, data
processing and probability (MONE, 2013). Algebraic thinking is also used in many fields in
other disciplines. Individuals with advanced algebraic thinking are likely to become successful
mathematicians, scientists, businesspeople and successful economists (Ahuja, 1998). In other
words, it can be said that algebraic thinking also has an effect on students' careers.
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Algebraic thinking skills include mental activities to think about, comment on and find solutions
to the difficulties that students face not only in mathematics lessons but also in their daily lives.
For students to understand algebra and increase their level of algebraic thinking, they should be
able to practise what they have learned, make transitions between concepts and demonstrate
this with multiple representation values. Every student should learn the necessary levels of
algebra from preschool to the end of high school education (NCTM, 2000). This can be
achieved by teachers being aware of this situation.

As a result, algebra and algebraic thinking contribute both to the development of mathematical
thinking and to understanding the world we live in. In this context, it is very important in terms
of mathematics education that students develop their algebraic thinking skills and that teacher
candidates and teachers who will put this into practice have the necessary knowledge and skills
in this regard.

200



CURRENESTUBIES |IN SUCIAL SEIENCES 2027

REFERENCES

Acar, S. (2019). Say: hissi ile cebirsel diisiinme becerisi arasindaki iliskinin farkl degiskenler
acisindan incelenmesi (Unpublished master's thesis). Necmettin Erbakan Universitesi
Egitim Bilimleri Enstitiisii, Konya.

Ahuja, O. P. (1998). Importance of algebraic thinking for preservice primary teachers. The
Mathematics Educator, 3(1), 72-92.

Akkan, Y. (2016). Cebirsel diisiinme. E. Bingdlbali, S. Arslan and O. Zembat (Eds.), Matematik
Egitiminde Teoriler (pp. 43-64). Ankara: Pegem Akademi.

Akkan, Y., Baki, A. & Cakiroglu, U. (2011). Aritmetik ile cebir arasindaki farkliliklar: Cebir
oncesinin dnemi. /lkégretim Online, 10(3), 812-823.

Akkaya, R. (2006). Ilkogretim altinct simif 6grencilerinin cebir 6grenme alamnda karsilasilan
kavram yanilgilarimin giderilmesinde etkinlik temelli yaklasimin etkililigi (Unpublished
master's thesis). Abant izzet Baysal Universitesi Sosyal Bilimler Enstitiisii, Bolu.

Altun, M. (2005). likogretim Ikinci Kademede Matematik Ogretimi. Bursa: Alfa Basim Yayim.

Altun, M. (2014). Ortaokullarda (5, 6, 7 ve 8.siniflarda) matematik ogretimi. Bursa: Aktiiel
Yayincilik.

Argiin, Z., Arikan, A., Bulut, S., & Halicioglu, S. (2014). Temel matematik kavramlarin
kiinyesi. Ankara: Gazi Kitabevi.

Bagdat, O. (2013). [lkogretim 8. sumif égrencilerinin cebirsel diisiinme becerilerinin solo
taksonomisi ile incelenmesi (Unpublished master's thesis). Eskisehir Osmangazi
Universitesi Egitim Bilimleri Enstitiisii, Eskisehir.

Bozkurt, A., Cirak-Kurt, S. & Tezcan, S. (2020). Tiirkiye (5-8. siniflar) ve Singapur (P5-6., S1-
2. smuflar) matematik Ogretim programlarinin cebir 6grenme alani baglaminda
karsilastirilmasi. Pamukkale Universitesi Egitim Fakiiltesi Dergisi, 48(0cak), 152-173.

Cagdagser, B. T. (2008). Cebir 6grenme alaninmin yapilandirmaci yaklasimla ogretiminin 6.sinif
ogrencilerinin cebirsel diisiinme diizeyleri iizerindeki etkisi (Unpublished master's thesis).
Uludag Universitesi Sosyal Bilimler Enstitiisii, Bursa.

Canadas, M. C., Castro, E., & Castro, E. (2011). Graphical representation and generalization in
sequences problems. In M. Pytlak, E. Swoboda & T. Rowland (Eds.), Proceedings of the
Seventh Congress of the European Society for Research in Mathematics Education (pp.
460 - 469). Rzeszow, Poland.

Carpenter, T. P., Franke, M. L., & Levi, L. (2003). Thinking mathematically:
Integratingarithmetic and algebra in elementary school. Portsmouth, NH: Heinemann.

Carraher, D. N., Schliemann, A. D., Brizuela, B. M., & Earnest, D. (2006). Aritmetic and
algebra in mathematics education. Journal for Research in Mathematics Education,
37(2), 87-115.

201



CURRENESIUDIES [N SUEIAL SEIENCES Z2UZZ

Celik, D. (2007). Ogretmen adaylarimin cebirsel diigiinme becerilerinin analitik incelenmesi
(PhD thesis). Karadeniz Teknik Universitesi Fen Bilimleri Enstitiisii, Trabzon.

Darojaturrofiah, L. (2017). Profil symbol sense dalam memecahkan masalah aljabar ditinjau
dari kemampuan matematika siswa di smp negeri 1 sidoarjo (Master’s thesis). Retrieved
from; htpp://www.digilib.uinsby.ac.id

Dede, Y. & Argiin, Z. (2003). Cebir, 6grencilere nigin zor gelmektedir? Hacettepe Universitesi
Egitim Fakiiltesi Dergisi, 24, 180-185.

Drijvers, P., Goddijn, A. & Kindt, M. (2011). Algebra education: Exploring topics and themes.
In P. Drijvers (Ed.), Secondary algebra education: Revisiting topics andthemes and
exploring the unknown. 5-26. Rotterdam, The Netherlands: Sense

Driscoll, M. (1999). Fostering Algebraic Thinking: A Guide for Teachers, Grades 6-10.
Heinemann, 361 Hanover Street, Portsmouth, NH 03801-3912.

Ely, R., & Adams, A. E. (2012). Unknown, placeholder, or variable: What is x? Mathematics
Education Research Journal, 24(1), 19-38.

Ersoy, Y. & Erbas, K. (2005). Kassel projesi cebir testinde bir grup Tiirk 6grencinin genel
basaris1 ve 6grenme giicliikleri. /lkggretim Online, 4(1), 18-39.

Geller, L. R. K. & Chart, D. J. (2011). Algebra readiness for students with learning difficulties
in grades 4-8: Support through the study of number. Australian Journal of Learning
Difficulties, 16(1), 65-78

Girit, D. & Akyiiz, D. (2016). Algebraic thinking in middle school students at different grades:
conceptions about generalization of patterns. Necatibey Egitim Fakiiltesi Elektronik Fen
ve Matematik Egitimi Dergisi, 10(1), 243-272.

Greenes, C. & Findell, C. (1998). Algebra Puzzles and Problems (Grade 7), Mountain View,
CA: Creative Publications.

Greeno, J. G. (1991). Number sense as situated knowing in a conceptual domain. Journalfor
Research in Mathematics Education, 22(3), 170-218.

Giilpek, P. (2006). Ilkogretim 7. ve 8. sumf 6grencilerinin cebirsel diiginme diizeylerinin
gelisimi (Unpublished master’s thesis). Uludag Universitesi Sosyal Bilimler Enstitiisii,
Bursa.

Giirbiiz, R. & Akkan, Y. (2008). Farkl1 6grenim seviyesindeki 6grencilerin aritmetikten cebire
gecis diizeylerinin karsilagtirilmasi: Denklem 6rnegi. Egitim ve Bilim, 33(148), 64-76.

Hart, K.M., Brown, M.L., Kuchermann, D.E., Kerslach, D., Ruddock, G. & Mccartney, M.
(1998). Children's understanding of mathematics: 11-16, General Editor K.M. Hart, The
CSMS Mathematics Team.

Hawker, S. & Cowley, C. (1997). Oxford dictionary and thesaurus. Oxford: Oxford University.

202



ENESIULIES IIN SUCIAL SCIENCES 2UZZ

Herbert, K. & Brown, R.H. (1997). Patterns as tools for algebraic reasoning. Teaching Children
Mathematics, 3, 340-345.

Irwin, K. C., & Britt, M. (2007). The development of algebraic thinking: Results of a three-year
study. In Ministry of Education (Ed.), Fingings from the New Zealand numeracy
development projects 2006 (pp. 33-43). Wellington: Learning Media Ltd.

Kaf, Y. (2007). Matematikte model kullaniminin 6. sinif 6grencilerinin cebir erisilerine etkiSi
(Unpublished master’s thesis). Hacettepe Universitesi Egitim Bilimleri Enstitiisii,
Ankara.

Kaput, J. J. & Blanton, M. (1999). Algebraic reasoning in the context of elementary
mathematics: making it implementable on a massive scale. Paper given at the Annual
Meeting of the AERA, Montreal, Canada.

Kaput, J. J. (1999). Teaching and learning a new algebra. In E. L. Fennema, & T. A. Romberg
(Eds.), Mathematics classrooms that promote understanding (pp.133-156). Mahwah, NJ:
Lawrence Erlbaum.

Kaya, D. & Kesan, C. (2014). ilkdgretim seviyesindeki dgrenciler icin cebirsel diisiinme ve
cebirsel muhakeme becerisinin 6nemi. International Journal of New Trends in Arts,
Sports & Science Education, 3(2), 38-48.

Kieran, C. & Chalouh, L. (1993). Prealgebra: The transition from arithmetic to algebra.
Research ldeas for the Classroom. Middle Grades Mathematics, 179-198.

Kieran, C. (1992). The learning of school algebra. In D.A Grouws (Ed.) Handbook of resarch
on mathematics teaching and learning. New York: Macmillan, 390-419.

Kieran, C. (2004). Algebraic Thinking in the Early Grades: What is it?. The Mathematics
Educator, 8(1), 139-151.

Kieran, C., & Drijvers, P. (2006). The co-emergence of machine techniques, paper-andpencil
techniques, and theoretical reflection: a study of cas use in secondary 164 school algebra.
International Journal of Computers for Mathematical Learning, 11(2), 205-263.

Kriegler, S. (2007). Introduction to Algebra. Los Angeles, CA: Center for Mathematics and
Teaching Press.

Lacampagne, C. B. (1995). The Algebra Initiative Colloquium. In C. B. Lacampagne (Ed.),
Working group papers, (Vol. 2). Washington, DC: U.S. Government Printing Office.

Lacampagne, C., Blair, W. & Kaput, J. (1995). Conceptual framework for the algebra initiative
of the national instutute on student achievement, curriculum and assessment. The algebra
initiative colloquium, 2, 237-242.

Lannin, J., Barker, D. & Townsend, B. (2006). Algebraic generalisation strategies: factors
influencing student strategy selection. Mathematics Education Research Journal, 18(3),
3-28.

203



Lawrence, A. & Hennessy, C. (2002). Lessons for algebraic thinking: Grades 6-8. Math
Solutions (pp. 113-136).

Mann, R. L. (2004). The truth behind the equals sign. Teaching Children Mathematics,11(2),
65-69

Milli Egitim Bakanligi, Talim ve Terbiye Kurulu Baskanligi. (2013). Ortaokul Matematik Dersi
5-8. Siniflar Ogretim Programi. Ankara: Devlet Kitaplar1 Miidiirliigii Basim Evi.

Molina, M., Castro E. & Ambrose, R. (2005). Enriching arithmetic learning by promoting
relational thinking. The International Journal of Learning, 12(5), 265- 270. Retrieved
from Academic Search Premier EBSCO database.

National Council of Teachers of Mathematics (NCTM), (2000). Principles and standards for
school mathematics. Reston, VA: National Council of Teachers of Mathematics.

National Council of Teachers of Mathematics (NCTM), (2006). Curriculum focal points
forprekindergarten through grade 8 mathematics: A quest for coherence. Reston, VA:
Author.

Ozden D. (2019). Altinct sumf &grencilerinin cebir égrenme alamna iliskin 6grenme
stireglerinin incelenmesi: Tahmini 6grenme yol haritalarina dayali bir 6gretim deneyi
(Unpublished master’s thesis). Anadolu Universitesi Egitim Bilimleri Enstitiisii,
Eskisehir.

Palabiyik, U. (2010). Oriintii temelli cebir dégretiminin  dgrencilerin  cebirsel
diistinme becerileri ve matematige karst tutumlarina etkisi (Unpublished master’s thesis).
Hacettepe Universitesi Sosyal Bilimler Enstitiisii, Ankara.

Radford, L. (2012). On the development of early algebraic thinking. PNA. Revista de
Investigacion en Diddctica de la Matematica, 6(4), 117-133

Russell, J. R., Schifter, D. & Bastable, V. (2011). Connecting arithmetic to algebra: Strategies
for building algebraic thinking in the elementary grades. Portsmouth, NH: Heinemann.

Samo, M. (2008). Students’ perceptions about the symbols, letters and signs in algebra and
how do these affect their learning of algebra: A case study in a government girls
secondary school, Karachi, Pakistan (Unpublished master's thesis). Aga Khan
University, Karachi, Pakistan.

Schoenfeld, A. H. (2002). Making mathematics work for all children: Issues of standarts, testing
and equity. Educational Researcher, 31(1), 13-25.

Somasundram, P. (2018). A cognitive model of year five pupils’ algebraic thinking
(Unpublished doctoral thesis). University of Malaya, Malezya.

Stacey, K. & MacGregor, M., (1997). Ideas about Symbolism That Students Bring to Algebra.
Mathematics Teacher, 90, 110-113.

Tanisli, D. & Kabael, T. (2010). Cebirsel diisiinme siirecinde oOriintiiden fonksiyona 6gretim.
Tlkégretim Online, 9(1), 213-228

204



CURRENESIUDIES [N SUEIAL SEIENCES Z2UZZ

Tanish, D. & Ozdas, A. (2009). Ilkdgretim besinci sinif dgrencilerinin &riintiileri genellemede
kullandiklar stratejiler. Educational Sciences: Theory & Practice, 9(3), 1453-1497.

Taylor Cox, J. (2003). Algebra in Early Years? Yes. Young Children, 14-21.

Twohill, A. (2013). Algebraic reasoning in primary school: developing a framework of growth
points. Smith, C. (Ed.) Proceedings of the British Society for Research into Learning
Mathematics 33(2).

Usta, N. & Ozdemir, B. G. (2018). Ortaokul 6grencilerinin cebirsel diisiinme diizeylerinin
incelenmesi. Egitimde Nitel Arastirmalar Dergisi, 6(3), 427-453.

Van De Walle, J. A. (2004). Elementary and middle school mathematics. (5th Ed.) Boston:
Allyn and Bacon

Van de Walle, J. A., Karp, K. S. & Bay-Williams, J. W. (2014). Ilkokul ve ortaokul matematigi
gelisimsel yaklasimla ogretim (S. Durmus, Cev.). Ankara: Nobel.

Welder, R. M. (2007). Preservice Elementary Teachers' Mathematical Content Knowledge Of
Prerequisite Algebra Concepts (Doctoral thesis). Montana State University, Montana.

Williams, S. (1997). Algebra: what students can learn. The nature and algebra in the K-14
curriculum. Proceedings of a National Symposium, Washington, DC, May 27-28.

Williams, S. E. & Molina, D. (1997). Algebra: what all students can learn. the nature and role
of algebra in the K-14 curriculum: Proceedings of a National Symposium (pp. 41-51).
Washington, DC

Yildiz, I. & Uyanik, N. (2004). Matematik egitiminde 6l¢gme-degerlendirme iizerine. Gazi
Universitesi Kastamonu Egitim Dergisi 12(1), 97-104.

Zeller, M. & Barzel, B. (2010). Influences of CAS and GC in early algebra. ZDM Mathematics
Education, 42 (Eyliil), 775-788.

To Cite This Chapter

Peker, B. & Acar, S. (2022). Algebra and algebraic thinking. In O. Tunaboylu & O. Akman,
Current studies in social sciences 2022, (pp. 191-205). ISRES Publishing.

205



